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Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Which of the following is a focus of )I(_i - ;’—; =1?
@A) (0,5)
B) (50)
€  (0,6)
D) (6,0)
2 Which of the following describes the locus shown below?

Im(z)

(A) |Z|S3and0£arg(2)£

B

(B) |Z|S3and0£arg(z)§%

(C) |7|<3and0<arg(z+3)<

K

(D) |Z|S3and0£arg(2+3)£

Wy



In which quadrant is the complex number (—3 +3i )3 located on the Argand plane?

(A)  the first quadrant
(B)  the second quadrant
(C)  the third quadrant

(D)  the fourth quadrant

Z, and z, are complex numbers such that z, +z, lies on the real axis. Which of the

following statements can be inferred?
A z=12

(B)  arg(z,)=-arg(z,)

(©)  |Imz]|=|Imz,|

(D) |Z1|:|Zz|

Consider the equationz° —22* + bz + ¢ = 0, where b and ¢ are real numbers. If one of the

roots of the equation is 2 — i, what is the value of b?
A) -3

B) -19

<© 3

(D) 19



Which of the following correctly describes some of the features of the graph of
2
_X - 4x+3 9
X*—X—6
(A)  x-intercepts at 3 and 1 and horizontal asymptote at y =1
(B)  Vertical asymptotes at X =3 and X = —2 and horizontal asymptote at y =0

(C)  Vertical asymptotes at X =3 and X = -2 and horizontal asymptote at y =1

(D)  Vertical asymptote at X = —2 and horizontal asymptote at y =1

Shown below are the graphs of y = f (x) and y =g(x).

.l"‘

4| | [\ f,f‘{x) _
/’“\\
2 | .
/ |
5 0 ] :
¥ W

Given that f (g(x)) =3, what are all the possible values of x?

(A)  x=0,3
B) x=1,2
C) x=-1,4

D) x=-1,1,2, 4



9

8 Which of the following statements is NOT true?

(A) j (e —e™)dx =0

(B) J.z Xsinx dx =0

s

© J. cos2xdx =0
0

1
(D) J. tan”' X dx =0
-1

The region enclosed by the curve X = y* and the line X =4 is rotated around the y-axis

Which of the following gives an expression for the volume of the resulting solid of
revolution?

<L

(A) vsz. (4-y*) dy
(B) V=27zJ. (16-y*)dy
(C) vzﬁj (4-y*)dy

2

(D) vzzﬂj (16-y*)dy



2 2

10 Consider the conic X4 Y 1 withan eccentricity e, where p > 0. Which of the following

P q

describes the limiting shape of the conic for a given value of p, as e —> 17 ?

(A) (B)

A
N

(©) (D)




Section 11

Total marks — 90

Attempt Questions 11-16

Allow about 2 hour 45 minutes for this section.

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11 to 16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Ifu=—/3+iandv=2+2i:
(1) Find u in the form X +1iy .
\'

(11) Write U and v in modulus-argument form.

(ii1))  Write down the argument of uv.

z+2i . o
- is purely imaginary.

(b) Sketch the locus of z if Y

(©) Consider the curve with the equation X* —Xxy + y> —-21=0.
()  Show that & = ¥=2X
dx 2y-x
(1))  Find the points on the curve where the tangents are parallel
tothe line y =3X+1.

1
(d) (1) Using partial fraction decomposition, show that I _ 10dt =log, 6.
o (1+3t)(3-1)
. . o 0 2 déo
(i1))  Hence, by using the substitution t = tan —, evaluate . .
2 , 4sin@+3cosd



Question 12 (15 marks) Use a SEPARATE writing booklet.

(a) The graph of the curve y = X (X — 3)2 is shown below.

—
-

y=x(x-3)

(1) Neatly sketch the graph of the curve y* = X (X — 3)2 on one-third of a page,

clearly showing the coordinates of any turning points.

(ii)  Hence, on a new number plane, sketch the graph of y°* = |X| (|X| — 3)2 .

(b)  The equation X’ —2X* +3X—1=0 has roots , 3 and .

(i)  Find a polynomial equation whose roots are &, #° and 7.

(11) Hence or otherwise, find a polynomial equation whose roots are
a2ﬁ2’ ﬂZ}/Z and 7/2a2 ]

(c)  Given that the polynomial equation X’ —ax> +b =0 (a,b# 0) has a non-zero
multiple root, show that 4a’ —27b=0.

Question 12 continues on Page 9

-8 —



Question 12 (continued)

(d) OABC is a parallelogram and D is the midpoint of BC. OB and AD intersect at P.

Let OA represent the complex number z, and OC represent the complex number z, .

Im B
D
C
P
A
0 Re
(1) Given that A_}'; =m X A—I;, for some real number m, explain why

— Z1
AP isequal to m| z, 5

(1))  Giventhat OP =n x OB, for some real number n, find another expression

for AP intermsof n,z andz,.

(ii1))  Hence, deduce the values of m and n.

End of Question 12



Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) Let P (Cp,EJ be a variable point on the hyperbola Xy = ¢*.
P

(1) Show that the equation of the tangent to the hyperbola at P is x + p’y = 2cp.

(i1) The tangent meets the x-axis at Q. Show that the equation of the line through Q
perpendicular to the tangent at P is p’x—y = 2cp’.

(iii))  The line through Q in part (ii) cuts the hyperbola at two points R and S.
Find the Cartesian equation of the locus of M, the midpoint of RS,
noting any restrictions that may apply.

2 2

solid has as its base in the Xy plane, the ellipse — +2—=1.
(b) A solid has as its base in the xy plane, the ellip T6 3; I

Cross-sections taken perpendicular to the x-axis and the base are inverted parabolas
with latus rectums in the base.

The latus rectum is the focal chord of the parabola which is perpendicular
to the axis of the parabola.

2
(1) Explain why the height of any cross-sectional slice is equal to Vi6=x .

(i) By first using Simpson’s rule to find an expression for the area of the
cross-section, find the volume of the solid.

Question 13 continues on Page 11

- 10 -
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Question 13 (continued)

(©) Two circles meet at the points A and B. The line XY is a common tangent to the two circles
as shown. XA produced meets BY at Q and YA produced meets BX at P.

(1) Prove that PAQB is a cyclic quadrilateral.

(i1) Hence, or otherwise, prove that PQ || XY .

End of Question 13

— 11 -



Question 14 (15 marks) Use a SEPARATE writing booklet.

(a)  Show that J‘% =In (x +4/x* —a’ ) +C, where C is a constant
X —a

and x>a>0.

Wy

tan X dx
7sin’® X + 5cos® X

(b) Using the substitution U = tan X, or otherwise, evaluate

(¢) (i)  Ifaand b are real numbers, prove that a* +b*> >2ab.
(i)  Show that a* +b* + ¢’ > ab+ac +bc, where a, b and ¢ are real.

(iii)  Hence or otherwise, show that the equation X’ —3X* +4x+k =0
cannot have three real roots for any real constant k.

@ N
R \
P
)

> S'g' S= g > X

X2 yZ
The point P(x,,Y,) lies on the ellipse — + P 1, where a>b.

a

(1) Show that the equation of the tangent to the ellipse at P is given by

XX yy
FURIraRE

(1)  The tangent intersects the lines X = a and x = —a at Q and R respectively.

Show that QR subtends a right angle at the focus S.

(iii)  Hence, explain why the points Q,R,S and S’ are concyclic.

- 12 -



Question 15 (15 marks) Use a SEPARATE writing booklet.

(a) A number sequence is defined by u, =0, u, =32, and u,,, =6u,,, —8u, forn>1.

Use mathematical induction to prove that u, =4"" — 2" for all positive integers n.

(b) You are given that | 0.

—jsx—ndx n>
CA2x-1
(i)  Provethat (2n+1)1,=n1_, +3x5"—1,forn>1.

(i1) Using the result in part (i), find the exact value of |, .

Question 15 continues on Page 14

- 13 -



Question 15 (continued)

© @O

(i)

(iii)

Let f (X) be a continuous function such that f (k —x)= f (x),

where K is a constant.

k k
Prove thatj xf (X)dXz%J‘ f(x)dx.
0

0

If z=cos@+isin@,then z" + Ln =2cosnd. (DO NOT SHOW THIS).
YA

Use this result to show that cos* 8 = %(cos 40 +4cos20 + 3) .

The diagram shows the shaded region bounded by the curve y = cos* X

and the X-axis for 7 < X< 2r.

The shaded region is rotated about the y-axis to form a solid of revolution.

Use the method of cylindrical shells and the results in parts (i) and (ii) to find the

volume of this solid.

End of Question 15

— 14 -



Question 16 (15 marks) Use a SEPARATE writing booklet.

(@ (i)  Show that x3+y3+z3—3xyz:(x+y+z)(x2+y2+zz—xy—yz—xz)

for all real X,Y,z.

(i1) Hence or otherwise, if X+ Y+ z =1 prove that Xy + yz + Xz —3xyz < %

where X, Y, Z are positive real numbers.

(b) Let f (X) be an odd function for —a < X < a, where a is a positive constant.

2a
(1) By using a suitable substitution, prove that j f (x - a) dx=0.

0

T
3+1¢ X——
V3 an[ 6)_1+\/§tanx
\/g—tan(x—;r] 2

(i1) Show that

(ii1))  Hence, by using the results in (i) and (ii), show that

J‘sln(1+\/§tanx)dX:7[1;2.
0

2

(c)  Consider the function f (x)=2log, x — X

,X>0.

(i) Show that the only zero of f (x) isat x=1.

(i)  Let g(x)= Xlogelx, Xx>0andx#1.

X2

Explain why O<g(X)<% forall x>0,x=#1.

End of paper

— 15 -



NSGHS 2016 Extension 2 Trial — Suggested Solutions

Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

2 2

1 Which of the following is a focus of L % =1?
a)  (0,5)
b>=a’(e’ -1)
B) (50) a’e’ =a’ +b’
=11+25=36
€  (0,6) sae=6
o
2 Which of the following describes the locus shown below?

Im(z)

(A)  |z]<3and0<arg(z)<

K]

(B) |Z|£3and0£arg(z)g%

@ |zZ|<3and 0 <arg(z+3)<

(D) |Z|S3and0£arg(z+3)s

oy

w N



In which quadrant is the complex number(—3 + 3i )3 located on the Argand plane?

the first quadrant
. 3«
arg(—3+31) = e

(B)  the second quadrant

arg(—3 + 3i 3=3><—=—=£
g( ) 2 2

(C)  the third quadrant

(D)  the fourth quadrant

Z, and z, are complex numbers such that z, + z, lies on the real axis. Which of the

following statements can be inferred?
(A) Z = Z

(B)  arg(z)=-arg(z,)

@ lmz,|= |mz,|

D)  |z]=|z,]

Consider the equation z® —2z* + bz + ¢ = 0, where b and ¢ are real numbers. If one of the

roots of the equation is 2 — i, what is the value of b?
-3 . .
24+14+2—-1+a=2 (sum of roots)
B) 19 a=-2
b=-2(2+i)-2(2-i)+(2+i)(2—-i) (sum of pairs of roots)
<© 3 b=-8+5=-3
D) 19



6 Which of the following correctly describes some of the features of the graph of
2
_X - 4x+3 9
X*—X—6
(A)  x-intercepts at 3 and 1 and horizontal asymptote at y =1

(B)  Vertical asymptotes at X =3 and X = —2 and horizontal asymptote at y =0

(C)  Vertical asymptotes at X =3 and X = —2 and horizontal asymptote at y =1

Vertical asymptote at X = -2 and horizontal asymptote at y =1

e
(9 (x+2)

asymptote at X = —2, horizontal asymptote aty =1 and discontinuity at x =3

Therefore, the graph has an X-intercept at x =1, vertical

7 Shown below are the graphs of y = f (x) and y = g(x).

.l"‘

Y /@)

)

Given that f (g (X)) =3, what are all the possible values of x?

(A)  x=0,3 f(a)=3=a=0,3
g(x)=0=>x=-14

B) x=1,2 g(x)=3=>x=12

© X=-1, 4

X=—1,1, 2, 4



8

Which of the following statements is NOT true?

(A) I (e —e™)dx =0

V2
2
j XsinXdx =0
T
)

© I cos2xdx =0
0

1
(D) J. tan”' X dx =0
-1

(A) and (D) are true
because the functions are
odd. (C) is true as the
integral includes equal
arcas above and below the
x-axis. The function in (B)
is even, so this statement
is not true.

The region enclosed by the curve X = y* and the line X =4 is rotated around the y-axis.

Which of the following gives an expression for the volume of the resulting solid of

revolution?
y

/
\

(A) V =;rJ- (4-y*) dy

2
Y =27zJ. (16-y*)dy
0

(C) V =zj (4-y*)dy

(D) vzzﬂj (16-y*)dy

The cross-section perpendicular to the
axis of rotation is an annular disk with
outer radius 4 and inner radius X.
Cross-section of the annular disk is

7[(42 — Xz) = 7[(16— y“). y values
range from —2 to 2. As the integrand
is even, the volume is

2
27rj (16-y*)dy.
0




2 2

10 Consider the conic X 4 Y 1 withan eccentricity e, where p > 0. Which of the following

P q

describes the limiting shape of the conic for a given value of p, as e —> 17 ?

(A) ®)

1

R
/

(©) (D)

As e approaches 1 from above, e > 1 so the conic is initially a hyperbola.
g=p (e —-1). Ase—1", g— 0. As the asymptotes of the hyperbola are

y== b X, the branches fold and collapse onto the x-axis in the limiting
a

position.




Section 11

Question 11 (15 marks) Usea SEPARATE writing booklet.

(a) Ifu=—J/3+iand v=2+2i:

(1) Find Yin the form x +1y .

Y
u —3+i 1 =3+ 1-i
—= — ==X — X
v 2+ 21 2 1+1 1-1

— 3+i\/§+i+1

4
_1-43 1413
4 4

(11) Write U and vV in modulus-argument form.

u= 2cis%[ and V = 2\/§cis%

(i11))  Write down the argument of uv.

S 7 13« 117z
wEW)= T T

z+2i

Z-2I

(b) Sketch the locus of z if

is purely imaginary.

z-2i
between z =—2i and z = 2i excluding the points (0,2i) and (0,-2i).

rg ( s 2') = i% = arg(z +2i)—arg(z-2i) = i%. Therefore the locus is two semicircular arcs

Im

i) \(’/2 > Re

-2

-6 —




(©) Consider the curve with the equation X* —Xxy + y> —=21=0.

(1) Showthatd—y=y_2x.
dx 2y-x
dy dy
2X — X—+2 0
Y- dx ydx
dy
2y = X)—=Yy—-2X
(2y=x) =V
d_y:y—2x
dx 2y-—x

(1))  Find the points on the curve where the tangents are parallel
to the line y =3x+1.

Differentiating implicitly
d—y =3= y— 2X =3

dx 2y — X
y—-2X=06y—3X
Sy=x

Sub into equation of curve

(5y)" = (5y)y+y*-21=0=>21y* =21
y=txlsox=%5

Points are (5,1) and (—5,-1)

1
(d) (1) Using partial fraction decomposition, show that J. e =log, 6.
o (1+3t)(3-1)
' 10dt it
R N R 0o _ A B
(1+3t)(3-t) 1+3t 3-t

[ n(1+3t)-In(3-1)]

1
=In2- ln— In6
3

10=A(3—t)+ B(1+3t)
{ 1+3t} t=3=>B=1

t=—= A=3
3




V4

2
(i1))  Hence, by using the substitution t = tang , evaluate - 2 .
2 o 4sinf+3cosd

t=tan§:>9=2tan_lt

2dt

do=—— 6=0,t=0 6="t=1
1+t 2
. 1 -t
sin@ = > and cosd = >
t 1+t
T 1
2
do ~ 1 2dt
4sin 0 +3cos 2t 1—t2) 1+t
0 1+t 1+t
(0 2dt
, 8t+3-3t?
C1f 1odt
5J, (1+3t)(3-1)
= %ln 6 (using part (i))




Question 12 (15 marks) Use a SEPARATE writing booklet.

(a) The graph of the curve y = X (X — 3)2 1s shown below.

(1) Neatly sketch the graph of the curve y* = X (X — 3)2 on one-third of a page,

clearly showing the coordinates of any turning points.

(i)  Hence, on a new number plane, sketch the graph of y* = |X| (|X| = 3)2 .

(b)  The equation X’ —2x* +3X—1=0 has roots , 8 and .

(i)  Find a polynomial equation whose roots are ., #° and y>.

An equation whose roots are o, #° and y’is given by:
(V) —2(vx) +3¢x~1=0

XX —2x+3/x =1=0

X (x+3)=2x+1

x(x2 +6x+9):4x2 +4x+1

X2 +2x* +5x=1=0



(i1))  Hence or otherwise, find a polynomial equation whose roots are
aZﬂZ, ﬂZ}/Z and }/ZaZ )

a’ B’y =1 (product of roots)
1 1

aZﬂZ :_’a272 - andﬂ27/2 -
v’ B

Thus, these roots are reciprocals of the roots of the equation obtained in (i).
Therefore, an equation whose roots are o” 8, f°y* and y’a is given by:

Y oftfes o

142X +5x° =x*=0o0rx’ —=5x* =2x—-1=0

(c)  Given that the polynomial equation X’ —ax> +b =0 (a,b# 0) has a non-zero
multiple root, show that 4a’ —27b=0.

Let P(x)=x’-ax’+b and let @ be the multiple root of P(x)=0.
Then, P(®)=P'(@) =0 (Multiple Root theorem)
o’ —aw’ +b=0 (1) and 30’ —2aw =0 (2)

From (2) a)(3a)—2a):O:>a):2?a as w#0
3 2
(Z_a] —a(z—a) +b=0
3 3
3 3 3
Sub into (1) 8i—4i+b:0:>b:4i
27 9 27

27b = 4a’ or 4a’ —27b = 0 as required

(d) OABC is a parallelogram and D is the midpoint of BC. OB and AD intersect at P.
Let EZ represent the complex number z, and EE represent the complex number z, .

(1) Given that A_ﬁ =m X A—ﬁ, for some real number m, explain why

—> Z1
AP 1sequal to m| z, —

- 10 -




(i)  Giventhat OP = n x OB, for some real number n, find another expression

for AP interms of n,z, and z,.

— —> —»
OB=04A+A4B=2z + z,
—»

OP=n(z, + z,)

— —> —
AP=0OP—-0A=n(z,+ z,)—z,=(n— 1)z, + nz,

(ii1))  Hence, deduce the values of m and n.

Equating expressions for AP from (1) and (ii)

m(z2 —%zlj:(n—l)z1 +nz,
(m-n)z, :(n+%—ljz1

As z, and z, and vectors in different directions, this is only possible if the real multipliers are zero.
m—n:Oandn+%—1:0
Sm=n andsom+m—1=0

2

m=n==
3

End of Question 12

— 11 -



Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) Let P (cp,%} be a variable point on the hyperbola xy = ¢*.

(1) Show that the equation of the tangent to the hyperbola at P is X + p*y = 2cp.

dy _dy dp_ ¢ 1__1
dx dp dx p° c p
Equation of tangent is:
i

p’y —cp=-x+cp

X+ p’y =2cp

(1)  The tangent meets the x-axis at Q. Show that the equation of the line through Q
perpendicular to the tangent at P is p’x —y = 2cp’.

For Q, sub y =0 in the equation of tangent. Q = (ZCp, O) .
Line through Q perpendicular to tangent is given by:
y—0=p’(x—2cp)

p*x -y =2cp’

(ii1))  The line through Q in part (ii) cuts the hyperbola at two points R and S.
Find the Cartesian equation of the locus of M, the midpoint of RS,
noting any restrictions that may apply.

From (ii) equation of RS is y = p°x —2cp’.

For intersections of this line with the hyperbola, solve simultaneously with Xy = c”.
x(p’x-2cp*)=c

p°x> —2cp’x—¢* =0

2¢cp’

Sum of roots: o+ f = o’ =2cp.

Xy = (a ; 'B) = 22ﬂ =Cp. Sub into equation of line for y,, .

yw = P’ (cp)—2cp’ = —cp

3
X X, Y\ Xy,
Now, p=-—". So, y,, :_c(_Mj —_m
C
Therefore, the equation of the locus of M is y = X . As p #0, then restriction is M # (0,0).
C

— 12 -




2 2

(b) A solid has as its base in the Xy plane, the ellipse i(—6 + Y _ 1.

4

Cross-sections taken perpendicular to the X-axis and the base are inverted parabolas
with latus rectums in the base.

The latus rectum is the focal chord of the parabola which is perpendicular
to the axis of the parabola.

(1) Explain why the height of any cross-sectional slice is equal to % . 1
The length of the latus rectum = 4a where a is the focal length. z
The distance from the vertex of the parabola to this line is a units.
From the ellipse, the length of the latus rectum is 2y / .

Ja " N \,}J
so the height of the parabola is % . / \
Yy, X _l6-x

4 16 16
2
Y_4 16 — X
2 4
(11) By first using Simpson’s rule to find an expression for the area of the 3
cross-section, find the volume of the solid.
V4

Using Simpson’s rule with three function values, the
area under the curve is given by:

_y2 _y2 _y2 4
Az—“m6 X (0+4.—“164 X +0J=166X p N

>\
— T y
—Nl6-x ;\“6 —x

Note that this is an exact value for the area under the curve.
16— x?
6

oX

Volume of typical cross-sectional slice = 6V =

- 16— x2
V = lim &/:j dx

5x—0 e " 6
4 2
=2 16X dx (even function)
o0 6
~2|16x- X—}
31 3,
_2 (64—ﬁ)—0 _128 units’
3 3

- 13 =




(©) Two circles meet at the points A and B. The line XY is a common tangent to the two circles
as shown. XA produced meets BY at Q and YA produced meets BX at P.

(1) Prove that PAQB is a cyclic quadrilateral.

Join AB. Let ZXYA=qo and ZLYXA=/

ZXYA = ZYBA = (angle in alternate segment)
ZYXA=2ZXBA =/ (angle in alternate segment)

So, ZXBY = ZYBA+ ZXBA=a + [ (adjacent angles)

Now £XAY =180—(a + ) (angle sum AXYA)

ZXAY = ZPAQ =180—(a + ) (vertically opposite angles)

5. ZPAQ +£PBQ = (a + ) +180—(a + ) =180

-.PAQB is a cyclic quadrilateral (opposite angles are supplementary)

(i1) Hence, or otherwise, prove that PQ || XY .

ZAPQ = ZABQ = a (angles on same arc in circle PAQB)
Then, ZAPQ = ZXYA. But these are alternate angles.
Therefore, PQ || XY as alternate angles are equal.

End of Question 13

— 14 -




Question 14 (15 marks) Use a SEPARATE writing booklet.

(a) Show that j =In (X +4/x° —a’ ) + C, where C is a constant

dx
Jx? —a?

and X >a>0.

%(ln(ﬂm)):%az{uﬁ.zg

X + VX X" —a
B 1 l=a +X
X —a’ x* —a’
B 1
B x? _ g2
Therefore, JAL=ln(X+\/X —-a )
2 2
X" —a
Alternately,
J' dx [ dx +x* —a’ X’ —a 1 i
I —ad \/xz—a +4x* —a’ +4x* —a’
. y X —az)
J x2—a2 x+x* —a’ Jx -a’
=1n(x+\/x2—a2)+C
Can also be done using substitution x = asec
3
tan X dx

(b) Using the substitution U = tan X, or otherwise, evaluate

7sin* X + 5cos® X

3 t ’ U =tan X
— 2anX5X — = du = sec” x dx
0 sin” X + 5cos” X 7u +5 U=0=X=0
T
u=2=x=43
1 14udu 3
= - tan xdx B tan xdx
14 (7U +5) 7sin2X+500s2X_cos2x(7tanzx+5)
_ udu
=—| (7 +5) S
14 o
zi(ln26—ln5)=iln(§j
4 14 5
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(c) (i) Ifaand b are real numbers, prove that a* +b* >2ab.

Consider (a— b)2 >0
a’—2ab+b*>0
a’ +b*>2ab

(i)  Show that a* +b* + ¢’ > ab+ac + bc, where a, b and ¢ are real.

From (i) a* +b* >2ab

Similarly, b*> + ¢* > 2bc

and a’ +¢” > 2ac

Adding we get 2a” +2b* +2¢* > 2ab + 2ac + 2hc
sa’+b’+c>ab+ac+bc

(iii)  Hence or otherwise, show that the equation X’ —3x> +4Xx+k =0
cannot have three real roots for any real constant k.

a+pf+y=3and af+ Py +ay=4

a+ B4yt = (Za)z —ZZ(Z[J’

=3 —2(4)
=]
<af+py+ay

Then from part (i) «, £,y cannot all be real.

2 2
(d)  Thepoint P(x,,y,) lies on the ellipse % + E,/_z =1, where a>b.

(1) Show that the equation of the tangent to the ellipse at P is given by

XX, Yy
PO
2x 2ydy
a’> b’ dx
dy __bx
dx  a’y
d b x
At P(x,Y,) d—i:—az—yl.
1
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Equation of tangent is:

b*x
azyll (X - Xl)

a’y,y—a’y’ =-b’xx+b*x?

Y-V, =-

b*x,x+a’y,y =b’x’ +a’y,” (divide by a’b®)

2 2
X X X
XYY XY,

a’ b* a® b

% + % =1 as (X,,Y,) lies on the ellipse

(1))  The tangent intersects the lines X = a and x = —a at Q and R respectively.

Show that QR subtends a right angle at the focus S.

For Q: sub x = a into equation of tangent

&—Fyyl_l

AN
y:b_z(l_ﬁj
Y a

b’ X b’ X
Q= a,—(l - —‘] Replacing a with —a throughout, R = —a,—(l + —‘]
y a

1

bz(l—xlj bz(nxlj X
Yi a % a __E—az

a-—ae —a-—ae y, a’—a’e’

(iii)  Hence, explain why the points Q,R,S and S’ are concyclic.

By symmetry, QR also subtends a right angle at S'. ZQSR = ZQS'R =90 . Hence, Q,R,S and S’

are concyclic (converse of angles in the same segment).

Alternately,

QR is the diameter of the circle through Q, R and S (converse of angle in a semicircle) and the centre
of this circle is the mid-point of QR which lies on the y-axis. As the y-axis is the perpendicular
bisector of SS', the centre of the circle is equidistant from S and S'. Hence, the circle passes

through S' and the points Q,R,S and S’ are concyclic.
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Question 15 (15 marks) Use a SEPARATE writing booklet.

(a) A number sequence is defined by u, =0, u, =32, and u,,, =6u,,, —8u, forn>1.

Use mathematical induction to prove that u, =4"" — 2" for all positive integers n.

Testforn=1,2

u=4-2"=16-16=0

u =4 -2"=64-32=32

- true for n=1,2

Assume true forn=k, k +1

i.e assume that u,_ = 4" =2 and u,_, =4** -2
Assume true forn =k +2

ie. to prove that u,,, = 4" -2

Ug, = 6uk+1 - 8uk
— 6(4k+2 _2k+4)_8(4k+1 _2k+3)
=24.4%" 1223 —8.4%" £ 82K
=164 —4.2""
— 4k+3 _ 2k+5

Therefore the statement is true by mathematical induction.

(b) You are given that |, = >0.

jsx—n dx
L N2x -1

(1) Prove that (2n+1)1, =n1_, +3x5"—1,for n>1.

5 n 5
X
| = dx=| x"d(v2x-1
' -[ v2x -1 1 ( )

:[x“ 2x—1]15 —jsnx”‘I\/ZX—l dx
1

5
=3x5"-1-n| x"! 2x—

. \/2x

=3x5"-1-2n dx+n 4dx
j\/ZX I\/ -1

=3x5"—1-2nl_+nl_,
S@n+1)l, =nl +3%x5" -1

— 18 —




(1))  Using the result in part (1), find the exact value of 1, .

5 5 5
1 1 1
Il = dx:j 2x -1 2dx:{2x—12} =3-1=2
0 J‘l \/2X—1 1( ) ( ) 1

Using part (1) 31, =1, +5x3-1=2+15-1=16 So, I, :?

(¢) (i)  Let f(x) bea continuous function such that f (k—x)= f(x),

where K is a constant.

k k
Prove that J‘ xf (x)dx :EJ‘ f(x)dx.
0

0 2

L f (x)dx :::(k _u) f (k —u)(~du)
::0 (k—u)f(u)du asf(k—u)= T (u)
= .k(k —x) f(x)dx  asuisadummy variable

k

- J-Ok kf (x)dx —J. xf (x)dx

0

Zj.kxf (x)dx = kjk f (x)dx
Lk xf (x)dx=§j0k f (x)dx

Letu=k—x

du = —dx

X=k-u
x=0,u=kandx=k,u=0

(i) Ifz=cos@+isin@,then z" + Ln =2cosnd. (DO NOT SHOW THIS).
yA

Use this result to show that cos® 8 = %(cos 46 +4c0s20 +3).

4
cos' @ = 101 =L z“+422+6+iz+i4
2 z 16 7z
1 (Z4+L4j+4(22+i2j+6
16 z z

:%(2cos40+8c052¢9+6)

:é(cos46+4c0s2¢9+3)
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(iii)  The diagram shows the shaded region bounded by the curve y = cos* x 4

and the X-axis for 7 < x <27
The shaded region is rotated about the y-axis to form a solid of revolution.

Use the method of cylindrical shells and the results in parts (i) and (ii) to find the
volume of this solid.

Typical element is a cylindrical shell of radius X and height y = cos* x and thickness 5x .
OV =27Xcos* XOX

2z
V = 27le X cos* xdx

s

2r V.4
= 27Z'J‘ X cos® xdx —27rj‘ X cos® xdx
0 0

Now, cos* (27 — x) = (cos X)4 =cos’ X
And cos* (7 — x) =(—cos X)4 =cos” X

Hence, using part (i)

27 V.4
V =27 ﬂj cos* xdx —ZJ‘ cos* xdx
0 2 0

2 2z 2 T
:%j (cos4x +4cos2x+3)dx —%j (cos4x+4cos2x+3)dx using part (ii)
0 0

s

4 8| 4

2 . . 27 2 . .
T s1n4x+4sm2x+3x} 7; [s1n4x+4sm2x+3x}
0

0

2 8
972'3 .3
= units

- 20 —




Question 16 (15 marks) Use a SEPARATE writing booklet.

(@ (i)  Showthat X’ + Yy’ +2° —3xyz =(x+ y+z)(x2+y2+22—xy—yz—xz)

for all real X,Yy,z.

RHS= (X+y+2) (X’ + Yy +2° = xy—yz-Xx2) =X’ + Xy’ + X2° = X’y = Xyz - X’z
XY+ Y Yz Xy —yz—Xyz
+X°2+Y2+2 —xyz -y’ —xz°
=X +y’ +2° —3xyz=LHS

(11) Hence or otherwise, if X+ Yy +z =1 prove that Xy + yz + Xz —3Xxyz < %

where X, Y,z are positive real numbers.

x3+y3+z3—3xyz:(x+y+Z)(X2+y2+22—Xy—y2—xz) from (i)
=X+ Yy +2° —Xy-YyZ—XZ asX+y+z=1
Xy +yz+x2-3xyz= X +y’ +2° -x' -y’ -7’
=X =X +y -y +77 -7
:x[x—x2:|+ y[y—yz]ﬁ-Z[Z—Zz]

X — X’ :l—(x—ljz
4 2

1 2
as (X——j >0
2

Xy + yz+xz—3xyz:x[x—x2]+ y[y—y2]+z[z—22]

RORERD

:i(x+y+z):

<

N

asx+y+z=1

N

Therefore, Xy + yz + Xz —3xyz < %

(b)  Let f(x) be an odd function for —a < x < a, where a is a positive constant.
2a

(i) By using a suitable substitution, prove that '[ f(x—-a)dx=0.

0

2a a U=X—a
I f(x_a)dxz_[ f(u)d du = dx
0 -a
=0 asf(x) is odd X=0,u=-a
X=2au=a
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/4
3+tan| X ——
V3+ an( 6)_1+\/§tanx
\/E—tan(x—zj 2

(i1) Show that

1
tan X — —
tan(x—z)z " \/3 =\/§tanx—1
1+tanxi \/§+tanx
NE)
\/§+tan(x—7z) \/§+M
6 — \/§+tanx
otan(x-7)| B
6 \/§+tanx

ﬁ(x/§+tanx)+x/§tanx—l
x/g(«/g+tanx)—\/§tanx+1

_3+\/§tanx+x/§tanx—l
_3+\/§tanx—\/§tanx+l
_2+2\/§tanx
-
_1+\/§tanx

2

(i11))  Hence, by using the results in (i) and (i1), show that

J‘3ln(1+\/§tanx)dX:ﬂ1;2.
0

% ’ \/§+tan(x—76[j
j 1n(1+\/§tanx)dX: In| 2 x
0 \/g—tan(x—;r)

dx using part (ii)

0

w N

3 \/§+tan(x—”j
:I In2+ In 6
0 x/g—tan(X—Zj

0

-2 -




Consider f (x)=In| ———
( ) [«/g—tanx

B \/§+tan(—x)
f(—x) _ln(—\/g—tan(—x)J

\/§+tanX]

:ln(%] as tan X is odd
B \/§+tan(x) .
——ln(mJ— f (x)

Therefore, f(x)= ln(

—\/5 +tan X 1s odd
\/3 —tan X

3
\/§+tan(x—”J
Using part (i) with f(X):ln(@} and a=2, In 6) lax =0
3 —tanX x/g—tan(x—ﬁj
o 6
I3ln(1+\/§tanx)dx=j3ln2dx+0
0 0
:mz(f—o)
3
_mln2
3
: : x> —1
(c) Consider the function f(x)=210ge X — ,X>0.

(i) Show that the only zero of f (x) isat x =1.

2
f(l):Zlnl—1 _1=0. Therefore, x =1 is a zero.
f(x):21nx—x+§
2 1
F(x)=2-1-—
(=21
C2x—1-%’
= x2
(x=1)°
= — X2

<0 for all x,x # 0,1

i.e. f(x) is monotonic decreasing.

. X =1 1s the only zero
- 23 —




1
(i)  Let g(x)== fgelx,x>0andx¢1.

Explain why O<g(X)<% forall x>0,x=1.

2

—1 >0 for0<x<1

From (i) 2Inx- X .

<0 forx>1
Casel: 0<x<l
x* -1
X
x* -1

X
2

2In X — >0

2In X >

X
Xlnx > as X >0

lenx<l asx’ —1<0
X*—=1 2

XIn X
2

Also, >0 asx>0,Inx<0,x>-1<0

So, O<g(x)<%

Case?2: x>1

2_
amx- X1 g
X
2_
21nX<X 1
X
x> —
XIn X < as X >0
lenx<l asx>—1>0
X -1 2
Also, len’;>0 asx>0,Inx>0,x —1>0
X_

So, 0<g(x)<%

Therefore, 0 < g(X) <% forall x>0,x =1

End of solutions
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